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Interfaces and membranes: self-organization, mechanical energy
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Self-organization of amphiphilic molecules: Critical Micelle Concentration

Amphiphilic (or surfactant) molecules are made of a polar hydrophilic head and one (or two)
hydrophobic tail(s). They can self-organize intro supramolecular structures, called micelles, when
their concentration in the solvent reaches a given value, called Critical Micelle Concentration
(CMC). In this exercise we want to study the equilibrium between free molecules and micelles, and
determine the CMC value.

1. In a micelle, hydrophobic tails are prevented from contact with solvent molecules (see Fig. 1).
Between q free molecules or assembled into one micelle, which configuration is energetically
favorized ? And entropically ?
2. One considers a system of Ntot surfactant molecules in a volume V of solvent, at temperature
T . One notes N the number of free molecules, and n the number of micelles. To simplifiy,
one considers that all micelles are composed of q molecules. Give the relation between Ntot ,
N , n et q.
3. N and n are fluctuating variables and we want to determine their most probable values.
Suppose for a moment that N and n are fixed; Fmol (N, V, T ) and Fmic (n, V, T ) are the free
energy of the N free molecules and n micelles, respectively. Justify that the most probable
value of N is the one that minimizes Fmol (N, V, T ) + Fmic (n, V, T ) and that it coincides with
its average value in the thermodynamic limit.
4. Which relation between the chemical potentials of a free molecule µ and of a micelle µmic
this equilibrium condition implies ?
5. We modelize free molecules on one hand, and micelles on the other hand, as two ideal gases
in uniform potentials caused by the interactions with the solvent. We note  the potential
energy of a free molecule, and  − ∆ the potential energy of a molecule within a micelle. We
give the chemical potential of an ideal gas in a uniform potential u:
µ = u + kB T ln(Cλ3M ),

p
with λM = 2π~2 /M kB T , where M is the mass of a “particle” of the gas, and C is their
volumetric concentration. Express µmic as a function of q and the mass m of a single molecule.
6. Show that the concentration of free molecules is implicitly given by the two equations:
q
φ0 = eδ φ
0

φ + φ = φtot
where φ = λm N/V , φ0 = λm N 0 /V , φtot = λm Ntot /V , and δ =

(1)
(2)

∆
kB T

+

5 ln q
2 q .

7. The Critical Micelle Concentration is defined as the value at which the number of free
molecules is equal to the number of molecules assembled into micelles: φc = φ = φ0 . Experimentally, q ∼ 50 − −100. Justify that, as long as φ < φc , one has φ0 ' 0, while as soon as
φ = φc every added molecule contributes to the creation of new micelles.
8. Show that the CMC Cc = φc /λ3m is given by:

Cc =

mkB T
2π~2

3/2

e−∆/kB T

(3)

and discuss about the dependence of Cc with temperature and the association energetic gain
∆.
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Formation of a vesicle: competition between bending energy and
boundary energy

The aim of this exercise is to determine under which conditions a lipid bilayer will adopt the topoly
of a sphere and form a vesicle.
1. We first consider a flat bilayer with the shape of a disc with radius R. Lipids at the edge
of the bilayer are in contact with the solvent so there is an energetic cost associated with
the existence of a boundary. We note λ the energetic cost per unit length of the boundary.
Express the energy of the membrane in terms of λ and R.
2. We now consider the same bilayer when adopted the shape of a sphere with same surface.
What is the radius of the sphere ? Express its bending energy in terms of the two bending
moduli κb and κG .
3. At zero temperature, the bilayer adopts the conformation with minimal energy. Discuss of
which configuration is adopted as a function of R.

