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Experimental Soft Matter (M. Durand, G. Foffi)
Nota Bene
Exam duration : 3H
Lecture notes are not allowed. Electronic devices (including cell phones) are prohibited, at the exception of pocket
calculators.
Accepted languages : english, french.
The two parts are independent. Please use two separate copies for your answers to the two parts.

1st PART
This part is composed of questions on what we have seen in class. Each section has the same weight for the final
mark.
IMPORTANT Questions 1.1 and 2.1 are questions on the course. Each questions can be answered within few lines
do not write a poem ! It is sufficient to explain your reasoning in a concise yet precise way.
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Liquids and Scattering

1.1

Structure of a simple/complex liquid.

In this section we will discuss the tools that we introduced to describe the structure of simple and complex
interacting liquids.
(a) Explain the general difficulties of treating an interacting system in the context of the canonical ensemble. Sketch
the possible strategies we have discussed in the course to overcome these limitations.
(n)

(b) Define the distribution functions, ρN (r), in the canonical ensemble and discuss what is the advantage in intro(1)
(2)
ducing such distribution functions. In particular, discuss ρN (r) and ρN (r) for an Isotropic and Homogeneous
fluid. How are they normalized ?
(c) This is the key point. For a 2-body isotropic and homogeneous interacting system, the radial distribution function
(RDF) is the main function. Discuss its definition and physical interpretation. What is the low density limit of
the RDF ? Draw qualitatively a RDF and discuss it.
(d) Show, briefly, how the internal energy U is calculated from the RDF.
(e) Discuss the relation between the RDF and the static structure factor S(q). Can you say something about the
q → 0 limit of the structure factor ?
(f) Discuss how scattering can be used to measure the structure of a fluid, before approaching a real life situation
in the next problem.

1.2

Scattering from colloidal particles

In this exercise, we will try to review a typical situation in which you use scattering to investigate a colloidal
systems. In Fig. 1, we reproduce some experimental results for a mixture of rods and colloidal particles. We will ignore
the rods and we will simply focus on the colloidal particles.
(a) Discuss the scattering intensity measured in typical scattering experiments. What is the structure factor ? What
is the form factor ? What is the natural connection to statistical mechanics ?
(b) The results in Fig. 1 are obtained from small angle light scattering (SALS) experiments. In particularly, the
intensity is measured at low density. What happen in this case ?
(c) How do you characterize the shape of the particles ? Assume that particles are spherical and that the contrast
is a constant, ∆ρ. Derive the form factor.
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(d) In principle you should fit your form factor to the data to obtain the radius of the particles. Knowing that the
spherical Bessel function of the first order is given by
j1 (x) =

sin x cos x
−
x2
x

(1)

and that its first two zeros are x1 ' 4.50 and x2 ' 7.73. Can you estimate the (average) diameter of the particles
from the form factor ?
(e) Verify your estimated diameters with the microscopy results presented in Fig.1(right). What is the advantage of
using scattering with respect to microscopy to estimate the diameter of the particles ?

Figure 1 – (Left) This is the scattering intensity obtained from a small angle light scattering experiment on colloidal
particles (IGNORE THE RODS !). (Right) These are direct images from a scanning electron microscope (SEM). The
results are reproduced from N. Yasarawan and J. S. van Duijneveldt Soft Matte, 6, 353–362 (2010)
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Depletion Interactions, the lock and key colloids

In this exercise we are going to consider the depletion interaction in the colloidal domain. We will follow two different
path to arrive at the same results, namely the depletion force exerted on a cube closed to a wall. The situation is
presented in Fig. 2. We are in 3 dimension and the side of the cube is L. It is reasonable to consider only translation
along a reference coordinate x whose origin is fixed on the plane. The cube is immersed in a solution of polymers with
radius of gyration Rg (corresponding to a diameter d = 2Rg ) at a number concentration ρ = N/V . The polymer are
excluded from a region that we assume to be a cube of side L + d.

L+d

L

d

x

Figure 2 – A cube in a polymer solution.
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2.1

Intro : The osmotic pressure

The difference in Gibbs free energy of mixing for a regular solution is given by :
∆Gmix = N W xA xB + N kB T [xA ln xA + xB ln xB ]

(2)

where x is the molar fraction and W is a constant.
(a) Discuss the different terms in Eq. 2 and briefly describe their derivation. What is the main assumption behind
the regular solution free energy ?
(b) Discuss the concept of osmotic pressure and discuss its physical consequences. Show that, in ideal conditions,
van’t Hoff equation :
Π = RT cB
(3)
where cB is the concentration, holds. Show the analogy to Boyle equation. What happen in non ideal conditions ?
How can we correct Eq.3.

2.2

Depletion interaction : A cube and a wall

(a) Discuss, qualitatively, the effect of the osmotic pressure on the cube. Distinguish the different regimes.
(b) By assuming that, for the polymers, the van’t Hoff equation is well satisfied, derive the expression of the force
acting on the cube when the cube is touching the wall. We will call this force f0 . (Hint : the volume V is much
larger than the excluded volumes.) How does the force scale with the size of the cube ?
(c) Discuss the possible effect that would come from a non ideal polymer.

2.3

The lock and key colloids

We will now apply our result to a recent development in colloidal science, the so called lock and key colloids. The
locks are spherical colloidal particles that are synthesized with a pocket whose size can be finely tuned. The keys are
smaller colloids that are made to fit into the lock. A microscopy measurement picture is shown in Fig. 3(top).
(a) Jut use your intuition and what you have learned about excluded volume to argue that, in the presence of an
ideal polymers in solutions, the right size key is the one that has the strongest attraction.
(b) We are going to use what we have discussed above to develop a simple lock and key tetris model. The lock is a
particle with a squared pocket where different key particles can fit, see Fig.3(bottom). In the figure, we represent
a top view, but the thickens of the particles is L. We assume that the particles cannot rotate. The particles are
immersed in ideal polymer solution of density ρ = N/V . Calculate the depletion force, expressed as a function of
f0 , on each of the keys once they are in the lock. Which key will be more strongly bonded to the lock ? Comment.

KEY

LOCK

Figure 3 – (Left) Lock and key colloids (Reproduced and adpted from Sacanna et al. Nature, 2010). (Right) The
tetris blocks used to model the lock and key mechanism/
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2nd PART
3

Elasticity of a DNA molecule

DNA molecule is a very long chain (polymer). At first approximation, we consider that it is composed of rigid
monomers which are freely jointed to each other : the orientations of the N  1 monomers are uncorrelated, and
the steric repulsions and interactions between monomers are neglected. The energy of the molecule is then composed
exclusively of the kinetic energy of its monomers (entropic chain).
To study the elasticity of one DNA molecule, one of its extremities is fixed, while the other is attached to a dielectric
bead. Under the action of a non-uniform external electric field, the bead experiences an attractive force (optical
tweezers), which can be idealized by a hookean spring (see Fig. 4) that extends exclusively in the x direction :
Fsp = −ksp (l − l0 )ex ,
where l > 0 is the length of the spring, l0 its length at rest, ksp the spring constant, and ex the unit vector pointing
in the x direction. The system is in contact with a thermostat with temperature T .
We note X the (fluctuating) abscissa difference between both ends of the polymer (projected length), and a the
length of a monomer.
A configuration of the polymer (“micro-state”) is described by the momentum and orientation of every monomer
of the chain. Orientation of monomer i is given by polar angles (θi , ϕi ), with θi ∈ [0, π[ and ϕi ∈ [0, 2π[ (the angles
are measured with respect to the x axis). Its momentum is denoted pi .

Figure 4 – DNA molecule with one end fixed, and the other attached to a spring.
1. Write down the potential energy of the spring Esp as a function of X, l0 and L, the (fixed) distance between the
two attached extremities of the system (see Figure 4).
2. Let hXi be the average projected length of the polymer. Show that when the fluctuations δX = X − hXi are
small, the potential energy of the spring becomes :
Esp = E0 − τ X,
where E0 is a constant and τ is the tension exerted by the chain, which you will express as a function of ksp , L,
hXi and l0 . What is the physical interpretation of this relation ?
3. Justify that the above approximation becomes increasingly accurate at high tensions.
4. Show that within this approximation, the partition function of the system is :
Z = Zkinetic z N ,
where Zkinetic denotes the kinetic part of the partition function – which we will not try to evaluate – and
Z
sinh(βτ a)
z = sin θdθdϕeβτ a cos θ = 4π
.
βτ a
5. Calculate the thermodynamic potential φ = −kB T ln Z, and show that φ = hEi − T S − τ hXi, where E and S
are the energy and entropy of the system (polymer + spring), respectively.
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6. Deduce the expression of the average chain elongation hXi as a function of N , a, T and τ .
7. Show that when τ  kB T /a, the chain behaves like an hookean spring, and give the associate spring constant.
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Equilibrium configuration of a two-dimensional bubble

For a bubble with low surface energy, thermal fluctuations can alter the bubble shape, as sketched in Fig. 5. For
simplicity, we will consider a “two-dimensional” bubble ; this may correspond to a bubble squeezed between two parallel
plates. The surrounding gas is at constant pressure P0 and constant temperature T . We assume that the inside gas and
the outside gas are the same. We note 2γ the surface tension of the liquid film (the prefactor 2 takes the two liquid-gas
interfaces into account), and h the height between the two parallel plates. We use a coarse-grained description in which

Figure 5 – Thermal fluctuations of a small two-dimensional bubble.
every microstate L of the bubble corresponds to a given contour r(s) of the bubble, where s represents the curvilinear
coordinate along the contour : L ≡ (T, P0 , {r(s)}). We define the partial free enthalpy (or partial Gibbs free energy)
of the bubble GL through :
X
e−βGL =
e−β(Eλ +P0 hAλ ) ,
{λ|rλ (s)=r(s)}

where the sum is carried over all the fine-grained microstates λ that are compatible with the given contour of the bubble
(in a classic description, λ may correspond to the position and momentum of all the molecules of the encapsulated gas
and those of the liquid film ). Eλ and Aλ are the corresponding energy and surface area of the bubble.
In the following, we want to derive a tractable expression for GL . We suppose that fluctuations are slow enough so
that γ is constant, and the inside gas is always at equilibrium, and we note PL the uniform pressure inside the bubble
in microstate L.
1. Justify that GL does not explicitly depend on the details of the bubble contour, but only on the bubble surface
area A and perimeter L.
(f )

(g)

2. We note GL (T, P0 ; L) and GL (T, P0 ; A) the partial free enthalpy of the liquid film and of the inside gas,
(f )
(g)
(f )
respectively : GL = GL + GL , with GL = 2γhL. Show that
!
(g)
1 ∂GL
PL − P0 = −
.
h
∂A
T,P0

3. Let A0 be the area that the encapsulated gas would occupy for its pressure to be equal to the surrounding
pressure P0 . Show that for small values of PL − P0 , GL can then be expanded as :
GL ' G0 + 2γhL +

B(T, P0 )h (A − A0 )2
,
2
A0

and give the physical interpretation of G0 .
4. Calculate PL − P0 . What is the physical meaning of B(T, P0 ) ?
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(4)

We now want to determine the average bubble configuration.
5. Justify that the average bubble configuration is obtained by looking for the contour that minimizes the partial
free enthalpy [Eq. (4)].
6. To describe the bubble contour, we use the polar parametrization θ 7→ rc (θ), as shown in Fig. 5. The origin O
can be any point within the bubble. Does this parametrization allow to consider all possible configurations of
the contour ?
7. Let ds be the length of an elementary piece of the contour. Express ds/dθ in terms of rc (θ) and its derivative
ṙc (θ).
(f )

8. Deduce the integral expression for the partial free enthalpy of the liquid film GL = 2γhL.
H
9. We admit that the area of the bubble is A = rc2 (θ)dθ/2. Show that the change of partial free enthalpy [Eq.
(4)] associated with the elementary change of contour rc (θ) → rc (θ) + δrc (θ) can be written :
I
I
δG = f (rc , ṙc )δrc (θ)dθ + g(rc , ṙc )δ ṙc (θ)dθ,
(5)
where functions f and g have to be expressed.
10. What is the relation between δrc (θ) and δ ṙc (θ) ? Using integration by parts on the second integral, finally show
that the contour that extremizes the partial free enthalpy is given by :


1
1 d 
A − A0
2
2 −1/2
2γ
−
ṙc (rc + ṙc )
+B
= 0.
(6)
rc dθ
A0
(rc2 + ṙc2 )1/2
11. To interpret this equation, it is useful to introduce the local curvature κ(θ) of the contour, defined through :
dt
= −κ(θ)n,
ds
dr
where t = ds
and n are the unit vectors locally tangent and normal to the contour respectively, as depicted
dt
in Fig. 5. Express the components of t, ds
and n on the polar vector basis (er , eθ ), and show that the local
curvature is given :

1 d 
ṙc (rc2 + ṙc2 )−1/2 .
κ(θ) = (rc2 + ṙc2 )−1/2 −
rc dθ

12. Rewrite Eq. (6) by introducing κ(θ). How is called the obtained relation ? What is the average shape of the
bubble ?
13. Without doing all the calculations, what would have changed in Eq. (6) if, instead of taking the contribution of
the compressive term into account in the partial free enthalpy, we would have consider that the inside gas was
incompressible (i.e. A = constant) ?
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